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Questions are of value as indicated in the margin.
Notations and symbols have their usual meanings.
Answer any four questions.

Give definition of a topological vector space (tvs) and prove that every tvs is regular. 142
Let Xbe a tvs. Then prove the following:
1) there is a neighbourhood (nbd.) base of 0 consisting of balancedneighbourhoods (nbds.).

2

i1) if X is locally convex then there is a nbd. base of 0 consisting of convex and balanced
nbds. 3
Let Xbeatvsand 4 X. Show that 4= ﬂ{A +V, V is any nbd. ofe}. 2

When is a tvs said to be locally compact? Prove that every locally compact tvs is of finite
dimension. 4
Let X be a tvs. If X is metrizable by an invariant metric d then prove the following:

1) d(nx, O)Snd(x, 6), xeX andneN.
ii) if{x,}be a sequence in X such that x, — 6(as n — o) then there exists a sequence {,, |

of scalars such that y, — o andy,x, >0 asn— . 4

If X is a locally bounded tvs with Heine-Borel property, then prove that X is finite
dimensional. 2

Let X be a linear space and 4 be a convex and absorbing set in X containing 0. Then show
that

1) uA(x+y)SuA(x)+uA(y), forallx, ye X,

i) py(tx)=tpy(x), V£>0and forallxe X;

1i1) p41s a seminorm, if 4 is balanced set in X;

iv) ifBz{xeX; pA(x)<1} and C:{xeX; uA(x)Sl} then

BcAcCandpy =pz=pc. 6
If Y is a subspace of a tvs X and Y is an F-space (in respect of the topology inherited from X),
then prove that Y is a closed subspace of X. 4
State and prove Hahn-Banach theorem for a complex linear space (assuming that the
corresponding result holds for a real linear space). 4
If f is a continuous linear functional on a subspace M of a locally convex space X, then
show that there exists a 7 € X such that T = fonM. 3

Let T.'(X, r)—)(Y, r') be a linear mapping where (X, 7:) and (Y, 7:') are two topological
vector spaces. If 7 is continuous at 6 in X then show that 7 is continuous on X. 3
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Suppose Ay, A,, ..., A, and A are linear functionals on a linear space X and
N={xeX.'Alszzxz...zAnx=0}.
Show that the following statements are equivalent:
1) There are scalars o, a,, ..., a,, such that
A=A +a, Ay +.+a,A,.

ii) There exists a scalar 0 <y <oosuch that |Ax|<y max A, (x)|Vx eX.

i) Ax=0 VxeN. 5
Define a seminorm on a linea space. For any seminorm p on a linear space X, prove that the
set {x eX:p(x)< 1} is convex and balanced. 3
If X is a tvs and 4, B are bounded subsets of X then prove that 4U B and 4 + Bare also
bounded subsets of X. 2

Define Weak topology for a normed linear space. State and prove Banach-Alogulu
theorem. 8

If 1, — 1, are topologies on a set X and if t; is Hausdorff and 1, is compact then show that
T =T, 2



